Introduction
Let X be a projective smooth algebraic variety. The cohomology of X has the following canonical decomposition, called the Hodge decomposition:
Using this decomposition, we define the space of Hodge cycles of codimension p by
The direct sum of space of Hodge cycles for all codimensions is closed under cup produc and it is called the Hodge algebra of X. It is know that the image of the cycle map cl :
is contained in the space of Hodge cycles. Hodge conjecture, modified by Grothendieck, asserts that the space of Hodge cycles are generated by algebraic cycles. In the case of p = 1, this conjecture is always true by LefschetzHodge's theorem. On the other hand, very few evidences are known if the space of Hodge cycles are not generated by intersections of divisors. For algebraicity for Hodge cycles which are not generated by intersections of divisors, sporadic examples are known. For example, see [1] , [3] . There is another formulation of Hodge conjecture using algebraic correspondences. For abelian vaireties, a projector to a Kunneth component is algebraic by [6] . Therefore two formulations of Hodge conjecture coincide. The Hodge algebras for abelian varieties are controlled by certain algebraic groups called Hodge groups. Using representation theory, Weil [10] systematically constructed Hodge cycles which are not generated by divisors. They are called Weil Hodge cycles. In his construction, he assumed that the endomorphism ring contains a CM field K.
In this paper, we show that if the field K is contained in a cyclotomic field Q(µ d ) for a positive integer d, the Weil Hodge cycles are always algebraic. For the statement of the main theorem, see Theorem 6.7 . By the result of MoonenZarhin [4] , Hodge conjecture for 4 dimensional and 5-dimensional abelian varieties are true. As another application, we also prove Hodge conjecture for Date: April 13, 2008. The author would like to express his thanks to P.Deligne and Y.Andre. Namely, the arguments for the deformation theory in Section 4.1 and a simplifiacation of the proof of Proposition 5.11 is due to Deligne. Andre gave the author comments on Corollary 6.10.
1
Fermat hypersurfaces and abelian varieties of cyclotomic CM type. For these corollary, see Corollary 6.8, 6.9 and 6.10.
Our method proceeds as follows. We first construct an algebraic correspondence for a certain modification of symmetric product and a Fermat hypersurface. Then we use deformation theory motivated by Bloch's semiregularity method. In our case, it is not possible to apply his method directly. Namely, we should study not only 1-st order deformation but also n-th order deformation. 
If we twist the linearization of O(H 2 ) by the Kummer character given by f , the isomorphism f * preserves the linearization. If we do not want to forget the linearization, we prefer writing O(H 2 ) · f rather than O(H 2 ). By this linearization, we have an action of G on the cohomology group
H i (X, O(H 2 ))· f .
K-polarization of abelian varieties
2.1. Polarized K-Hodge structure of weight one. Let K be a CM field and F be the maximal totally real subfield F of K. For an element k of K, the conjugate of k over F is denoted byk. Let V = (V Q , F 1 V C ) be a Hodge structure of weight one. Here F 1 V C is a sub-C vector space of V C = V Q ⊗ Q C such that
where is the complex conjugate on V Q ⊗ Q C with respect to V Q ⊗ Q R. The endomorphism of V preserving its Hodge structre is denoted by End Hodge (V ). The K-Hodge structure of rank n is a Hodge structure V equipped with the action ι : K → End Hodge (V ) of K such that V is an n-dimensional K-vector space under this action ι. Here C denotes the Weil operator. A K-Hodge structure with a K-polarization is called a K-polarized Hodge structure.
Until the end of this section, we fix an element j of K such thatj = −j. Then we have K = F ⊕ F j. For an element k = a + bj of K, with a, b ∈ F , a (resp. b) is called the real (resp. imaginary ) part of k and denoted by Re(k) (resp. Im(k)). A K-valued F -bilinear form h( * , * ) on a K-vector space V is called a K-valued hermitian form if h(kx, y) = h(x,ky) = kh(x, y).
It easy to check the following proposition. Proposition 2.2. There exist unique K-valued hermitian form h(x, y) on V such that < x, y >= T r F/Q (Im(h(x, y))).
Let Σ and Σ + be the set of embedding K → C and F → R, respectively. Then for an element σ + ∈ Σ + , there is a unique embedding σ : K → C such that σ | F = σ + and Im(σ(j)) > 0. This σ is denoted also by σ + and via this correspondence, Σ + is identified with a subset of Σ.
For an element σ ∈ Σ + , h σ = h ⊗ K,σ C is a hermitian form on V ⊗ K,σ C. The signature I σ = (i σ , j σ ) of h σ is called the signature of V with resepect to the embedding σ ∈ Σ + . The signature of h σ is called the signature of the K-polarization < * , * >. The following proposition is a direct conseqence of the definition of K-polarization. Proposition 2.3. Let V be an n-dimensional polarized K-Hodge structure and σ an element of
2.2. Moduli spaces of polarized K-Hodge structure. Let K be a field of CM type. We use the same notation Σ + as in the last section. Let V be an n-dimensional K-vector space and h a non-degenerated K-valued hermitian form. Then for an element σ of Σ + , the index (i σ , j σ ) is defined as in the last section. Let X be the set of K-Hodge structures (V,
For a lattice L of V and a natural number N , we define a discrete subgroup Γ(L, N ) as the group of automorphisms of polarized K-Hodge strucutre preserving the lattice L and inducing the trivial action on L/N L. For a suffuciently large N , the group Γ(L, N ) acts on the set X freely and the quotient space M = X/Γ(L, N ) is a smooth quasi-projective algebraic variety. We fix such a number N . This space is called the moduli space of K-polarized abelian variety for moduli data (V, <, >, L, N ). On the spacẽ
which becomes an abelian scheme over M . This is called the universal ablian scheme. We can slightly generalize this construction to a product of fields of CM type. Let K = K 1 × · · · × K l be a product of fields of CM type. We choose elements j 1 , . . . , j l of K 1 , . . . , K l such thatj i = −j i once and for all. Let V 1 , . . . , V l be vector spaces over K 1 , . . . , K l of dimension n 1 , . . . , n l and L 1 , . . . , L l be lattices in V i . We fix K i -valued hermitian forms h 1 , . . . , h l on V 1 , . . . , V l and sufficiently large natural numbers N 1 , . . . , N l . Then we have moduli spaces
2.3. Hodge structure of curves with cyclic group actions. Let d be an integer greater than 2 and E be a projective smooth curve with an action of µ d . The set of branching point for E →Ē = E/µ d is denoted by Σ ⊂Ē. For a point s ∈ Σ, the innertia group of s in µ d is denoted by µ d,s . A charcter χ of µ d is called primitive if the restriction of χ to µ d,s is non-trivial for all s ∈ Σ. For a primitive character χ, we have dim H 1 (E, C)(χ) = χ(E − Σ). The field extension of Q generated by the values of χ is denoted by Q(χ). It is a factor of the group ring
. If the character χ is primitive and not real valued, then K = Q(χ) is a field of CM type and H 1 (Ē, Q(χ)) is a KHodge structure of rank −χ(Ē − Σ). The natural polarization on H 1 (E, Q) induces a K-polariztion on H 1 (Ē, Q(χ)). Let f be a rational function on E such that σ(f )/f = χ(σ). The order ord x (f ) of f at x ∈ Σ is well defined as an element of Q. Let < a > be the fractional part of a rational number a.
Lemma 2.4. Let χ be a primitive character. The signature h σ of H 1 (Ē, Q(χ)) with respect to the embedding σ : K → C is equal to
where g is the genus of the curveĒ.
Abelian covering of P
1 and symmetric construction. Let C be universal abelian covering branching at n + 2-points {α 1 , . . . , α n+1 , ∞} of exponent d. In other words, the curve C corresponding to the filed extension of C(z) generated by (z − α i ) 1/d for i = 1, . . . , n + 1. Then C can be written as a complete intersection of
. By using Lagrange interpolation formula, we have the defining equation of C:
The hyperplane section of H i = {X i = 0} on C is also dented by H i . We have informations for the cohomology of C using the complete intersection expression of C. Namely,
The field generated by the value of χ over Q is denoted by Q(χ). If the value of χ is not contained in Q, it is a CM field. If n is odd, the primitivity condition implies the non-realness of χ. In this case, H 1 (P 1 , Q(χ)) comes to be a polarized K-Hodge structre as in the last section. By Lemma 2.4, the dimension of H 1 (P 1 , Q(χ)) is n if χ is primitive. The K-polarized Hodge structre (V, h) is called fundamental type if the polarization type of V is equal to that of
Hodge structre of rank m. Then W can be embedded into a K-Hodge structure V of fundamental type. Moreover we can choose V whose rank is odd.
Proof. Once we fix an element j ∈ K such thatj = −j, then an embedding compatible K-polarizations corresponds to an embedding compatible with Khermitian form. Let V be a fundamental K-Hodge type. By Hasse principle, it is enough to find an embedding W ⊗ K K v ⊂ V ⊗ K K v compatible with the K hermitian forms for all places of K. For finite places, it is always possible if V has sufficiently large rank. For inifinite places, it is possible if i W,σ ≤ i V,σ and j W,σ ≤ j V,σ , where (i W,σ , j W,σ ) and (i V,σ , j V,σ ) are the index of hermitian forms for W and V for an embedding σ : K → C, respectively. We choose (a 1 , a 2 , a 3 ) ∈ Z/dZ such that a 1 + a 2 + a 3 = 0. Let V be a fundamental K-Hodge sturucture of type
Now we recall the definition of symmetric construction. Let C (1) , . . . , C
and H (1) , . . . , H (n) be n-copy of the curve C and the group H.
We use this notation when we use n-copy of curves. For example, if
are denoted by the copies of a rational function f on D (1) , . . . , D (n) . Then the group H n acts on C n . Moreover the symmetric group S n of degree n acts on C n and as a consequence the semi-direct product S n × H n acts on H n . Let N be the subgroup of S n × H n which is the semi-direct product of
and S n . We choose a coordinate of C such that p 0 is defined by z = ∞. We define a morphism from
(2) Let p be the composite C n → P n+1 of the quotient map C n → C n /N and the map C n /N → P n+1 defined in (1) . Then the inverse image
is the inverse image of H i by the j-th projection C n → C. Moreover this isomorphism preserves the linearizations. 
In other words, the triple (D, A, p) is H-exaustive if and only if for any deformation A of K-polarized abelian variety A, there exists a deformation of the curve D with an action of H whose Jacobian variety has a quotient abelian variety isomorphic to A. Let A be a g-dimensional abelian variety with an action of H. For any given H-invariant polarization class h, there exists a very ample invertible sheaf L with a linearization of H whose cohomology class is an integral multiple of h.
Then the zero locus of the H-fixed section of L is stable under the action of H. Let s 1 , . . . , s g−1 be H-fixed sections of L such that the intersection 
3.2.
Cohomological properties of certain deformation of curves. Let E, C be curves and D 0 be an enough very ample smooth divisor on E × C.
Proof. Let t be a local parameter of ∆ such that the origin is defined by t = 0. We put C ∆ = C × ∆. Then we have a mapD → C ∆ induced by the map E × C → C. The pull back of L to C ∆ is dnoted by L ∆ We have the following commutative diagram.
Here the morphism φ in the above diagram is an isomorphism by the assumption for the degree of L. Let R be the ring of germ of holomorphic function at 0. Since
is surjective. Therefore the morphism
is surjective. By taking the general fiber, we have the theorem. Now we return to the curve C defined in Section 2.4.
(1) The morphism
sufficiently branched covering with respect to O(H
Then the morphism
is injective.
Proof.
(1) Since the curve C is a complete intersection n hypersurfaces of degree d in P n+1 , the canonical sheaf Ω 1 is isomorphic to O(nd−(n+2)). Therefore the cohomology group
where f 1 , . . . , f n are the defining equations of C. Under this isomophism, the dual of
j be a monomial such that 1 ≤ e i , e j ≤ d. By using the relations f 1 , . . . , f n , X E 's of this type generates
which is absurd. This implies the injectivity of
and its pull back to D, we have the following commutative diagram
Since the vertical arrows are injective and the morphism φ in the above commutative diagram is isomorphism, the kernel of β ij is equal to that of α ij . Since ∩ ij Ker(α ij ) = 0 by (1), we have ∩ ij Ker(β ij ) = 0 and we get (2).
3.3. Basic construction. We construct a family of curve whose special fiber is a covering of C with a sufficient ramification. We will study this family in the next two sections. Let C be a curve defined in Section 2.4. Let A be the primitive part of the Jacobian J(C) of C and J(C) → A be the natural map. The abelian variety A is a K-polarized abelian variety and it determines a point s in the moduli space M of the K-polarized abelian variety with the same type of A. We choose a curve E with the compatible action of H in A which is a complete intersection of sufficiently ample line bundles on A. We choose a smooth curve D 0 in E × C which gives the isomorphism between the primitive part of C and a part of the Jacobian of E as an algebraic correspondence. By considering a sufficiently generic deformation D of D 0 ∪Σ E ∪Σ C , the projection D → C has enough ramification with respect to O(kH i ) for 0 ≤ k ≤ d and unramified over ∪ i H i . Algebraic construction. Let S = S alg be a sufficiently generic curve in the moduli space M passing through s. The universal family over S is denoted by A S → S. By the H-exausitivity of D, There exists a finite flat morphism U → S which is etale on a Zariski open neibourhood U ofs lying over s such that (1) There is a surjective map
where A U is the pull back of A S by the map U → S. (2) The fiber of p at the point s is equal to
Moreover by symmetric construction, we have the morphism
where D is the special fiber of D. 
X )) by using the morphisms
) and
X )) obtained by Serre duality, the sum of (4.1)
X )) is identified with the semi-regularity map
Now we recall the results of Bloch. Let R be an Artinian local ring over C and M be the maximal ideal. Let I be an ideal of R such that I 2 = 0.
. We consider the following commutative diagram:
where X 1 → S 1 and Z 0 → X 0 → S 0 are obtained from X → S and Z 1 → X 1 → S 1 by base change. Assume that Z 0 and X 0 are smooth over S 0 . The obstruction class of extending Z 1 to a subvariety of X (see Bloch Proposition 2.6) is given by 
modules is an exact sequence of G-linearized sheaf. The extension class corresponds to an element α of
Since the natural homomorphism
We consider a diagram (4.3)
where T 1 is defined by a squre zero ideal I T in Γ(O T ). We consider the base change of diagram (4.2). We put
By the above diagram, we have a map I → I T . Consider the base chage of the diagram (4.2). Since Z 1 is a locally complete intersection,
and it is a locally free sheaf, where φ Z : Z T 1 → Z 1 is the natural projection. The obstruction class
for the lifting of Z T 1 is the image of α under the natural map:
For an extension X 0 → X 1 , over S 0 → S 1 , we consider a set
For T 1 → T and a morphism as in (4.3), we have a natrual map
We assume H 0 (X 0 , Θ X 0 ) = 0. Then for two elements
is given, we have a map
The map (4.5) and (4.4) is filled into the commutative diagram:
We consider the above diagram in the following special case:
Here the map ψ is defined by t → t + ǫ. In this case I = (t e ), I T = ǫ · C[t]/t e , and the map I → I T is given by t e → eǫt e−1 . The pull back of X 1 by the map T → T 1 : (t, ǫ) → t is denoted by pr * X 1 ∈ Def (X 1 , T 1 → T ). Then we have θ(pr * X 1 ) = 0. Therefore for an extension X T of X 1 = X T 1 over T , the subvariety Z 1 = Z T 1 extends to a flat subvariety of X T if and only if (X T , pr
By the above arguement, we have the following proposition.
Proposition 4.2. Let X be an element in Def (X 1 , S 0 → S) and
a homomorphism of modules. We assume the following condition.
(1) The composit map 
Then the subvariety Z 1 extends to a flat subvariety of X.
We consider the compatibility with horizontal extensions of cycle classes.
Proposition 4.3. Let S 1 , S, T 1 , T and ψ be the same as above. Assume that X 1 and Z 1 be given as above.
(1) Let X be an extension of X 1 over S and 
Then by the cannonical isomorphism
given by the cup product of the class 
4.2.
Symmetric construction and semi-regularity. We apply the above theory to the case where X 0 is given by the product of varieties and the de- ) is denoted by S e and the reduction D × S S e and A × S S e are denoted by D e and A e , respectively. Moreover we assume there exists an action of H on D extending that on D. On Fermat variety F er, the group S n × H n acts via the quotient group H ≃ (S n × H n )/N . Therefore we have a diagonal action of S n × H n on X = D n × F er over S. We consider G = S n × H n equivariant lifting q : D n e → F er e of the composite morphism q 0 : D n 0 → C n → F er, where F er e is a constant family F er × S e . Then graph Γ e of q in X e = X × R R e is stable under the diagonal action of G. We apply the lifting criterion in the last subsection for the diagram :
Since H 0 (D e , Θ D e ) = 0 and H 0 (F er e , Θ F er e ) = 0,
Therefore G invariant part of the map θ in (4.6) is equal to
. We consider the condition (3) in Proposition 4.4. The G-invariant part the map in (4.10) is given by
We describe the kernel of this map. The composite of the infinitesimal Torelli map and the restriction map induced by
We define a module Φ e by (4.11)
Proposition 4.5. The kernel of the map
is naturally isomorphic to Φ e . 
where
Proof. 
Let σ be an element of S n such that σ(p) = q. The it is easy to see the coefficient of F (u) for ⊗ i =p e σ(i) ⊗ w j is equal to the coefficient of f p (e q ) for w j . Therefore condition (4.12) implies f i (H 10 ) ⊂ H 01 . Let (i 1 , . . . , i n ) be an element of [1, n] n such that {i 1 , . . . , i n } = [1, n] − {p} with p ∈ [1, m]. Assume that there exists an elelment q ∈ [m + 1, n] such that #{s | i s = q} = 2. (That is (i 1 , . . . , i n ) is obtained from a permuatation of [1, n] by deleting an element p ∈ [1, m] and adding an element q ∈ [m + 1, n].) Let s 1 and s 2 be i s 1 = i s 2 = q. Then the coeffieient of e i 1 ⊗ e i 2 ⊗ · · · ⊗ e i n is equal to the coefficient of e q in f s 1 (e p ) − f s 2 (e p ). Therefore the condition (4.12) implies f i = f j for all i = j.
Vanishing and Injectivity

5.1.
Euler sequcence and the definition of Env. We consider the spcetral sequence which converges to H k (D n , q * Θ F er ). By using the Eular seqence and the exact sequence for normal bundle, we have the following quasiisomorphism:
Here f is the defining equation of F er, α is the direct product of the natural inclusion and β(g 0 , . . . , g n+1 ) = (
By pulling back the quasiisomorphism (5.1) by q, we have the following quasi-isomorphism:
The right hand side of the complex (5.1) is denoted by (
. The stupid filtration for q * K • gives the spectral sequence
The associated graded vector space for the induced filtraton satisfies:
We define a module Env using Eular sequence. We define the homorphism of complexes on F er:
This morphism of complexes induces the map
For k = i, j, we have a natural map
Definition 5.1. We define a module Env by
The proof will be given in Section 5.3. Proof. Let R e = C[t]/t e+1 and we prove this lemma by the induction on e. For e = 0, this is nothing but the statement of (2) in Proposition 2.6. We consider the exact sequence
Differntail forms and rational functions on
→ 0 and the long exact sequence
By Kunneth formula for H 1 (D n , O), the inverse image of the subgroup
Since this expression is unique and q * H i is invariant under the action of
is considered as a copy of L i on D e . Moreover there exists a unique H-linearization on L i extending that on L i /tL i . Acturally, for g ∈ H, we choose one isomorphism φ g : 
We detect fixed divisors under a group action using the following lemma.
Lemma 5.4. Let u be an integer such that
We introduce an action of a d-th primitive root ζ ∈ µ d on R defined by x → ζx, t → t. Let f be an element in R such that
The principal ideal (f ) and (ζ(f )) are the same.
Then the ideal (f ) is equal to (x u ).
Proof. We put f = x u + a 1 (x, y)t + · · · + a e (x, y)t e . Then
Assume that there exists a unit
By the induction on
are free R-modules of rank n + 2 and 2n n − 2 respectivly.
Proof. Since the covering D → C is etale at the support of H i , the inverse image π −1 is a reduced divisor fixed under the action of Stab i . Therefore there is unique divisor L i extending π −1 and fixed by Stab i . Then the image of the divisor pr * (L i ) in F er e is fixed under the action of Stab i . Therefore it is contained in q −1 (H i ). By comparing the cohomology class of divisors, The inverse image
Therefore we get a global section f i of L i . Since by forgetting the linearizations, we have L i ≃ L j and as a consequence, we get n + 1 sections f 0 , . . . , f n+1 .
We prove the lemma by the induction on e. We use the notation L i,e to distinguish e. The section f 0,e−1 , . . . , f n+1,e−1 of L i,e−1 is similarly defined. We consider the long exact sequence
The reductions of the sections f 0,e , . . . , f n+1,e on D is equal to X i . The section f i is characterized by the following properties:
Using this characterization, we have f i,e−1 = f i,e (mod t e ) up to a multiplication by
, the images of f 0,e , . . . , f n+1,e generates the images of α. By the inductive hypothesis, the image of the map t in the sequence (5.4) is generated by tf 0,e−1 , . . . , tf n+1,e−1 . Therefore H 0 (D e , L e ) is generated by f 0,e , . . . , f n+1,e . Therefore H 0 (D e , L i ) is a free R e module of rank n + 2.
In the case of
is isomorphic to the degree (n − 1)-part of C[X 0 , . . . , X n+1 ]/(f 1 , . . . , f n ) and also to the space of degree (n − 1)-polynomial in X 0 , . . . , X n+1 . A section f
n+1 has the similar charcterization as above, if (
) by the Serre duality.
is an H-module whose eigendecomposition W 0 , . . . , W n+1 is rank one free module generated by f 0 , . . . , f n+1 and the character is given χ j − χ i , where χ i is the ith projection of µ
is the product of Y j /Y k and a unit of R.
We consider an element q
is given by the cup product with q
where h = d log f j f i and h (i) is a copy of h. Therefore the morphism (5.5) is equal to
Here each Kunneth component of this map is givn by the cup product with h (j) . By composing the natural homomorphism
Therefore to prove Proposition 5.2, it is enough to show the vanishing of the map
5.3. Vanishing of the map (5.7). We assume n−1 < d throughout this section. We will show the vanishing of (5.7). We assume i = 0, j = 1 and k = 2 to simplify notations. We consider two subspaces V 1 and V 2 of the ralative de Rham cohomology H i . Then it is a rational function of D e , whose pole is at most
. By the condition of ramification, we have H
. Let V 2 be the subspace generated by these forms. Since the reduction to D 0 of the cohomology classes of ηd log f 1 f 0 , . . . , ηd log f n f 0 are independent in
, the space V 2 is a free R-module. We define an n-form on the Fermat hypersurface similarly. Let χ be a primitive character corresponding to (a 0 , . . . , a n+1 ) as above. Then the n-form
defines an n-form on F er e − ∪ i H i . Since χ is primitive, the cohomology class of ω(χ) defines an element in
, and the differential form ω(χ) defines an element in H n DR (F er e /R e )(χ). Proposition 5.8. The spaces V 1 and V 2 coincides. 
and the space H 1 (A e , O)(χ) goes to zero via the map η
) is a free R e -module, the dual is identified with
. For a rational differential with trivial residues, ω, the pairing with γ ∈ H 0 (D e , Ω 1 ) is given as follows: We take
of the map η −1 * is given by the multiplication of η −1 . Therefore the local pairing is given by the residue of
Here, η −1 is divisble by u and γ is homorphic at L p . Therefore the residue of (5.8) is 0. Therefore ω p goes to 0 under the map η
Proof of the vanising of (5.7) . We consider the following commutative diagram.
Since the image of Φ e under the morphism ω is contained in H 1 (A e , O), the composite map η −1 * • ω is equal to zero by Proposition 5.9. 5.4. Injectivity of a map. In this section, we prove the following proposition.
Proposition 5.10. We assume n ≥ 7 and the condition for d and n in Proposition 3.5 for l = n − 3. Then the composite map
We study the cohomological property of D 0 = D.
Proposition 5.11.
(1) The following complex is exact:
Proof. Consider the following exact sequcence of sheaves
→ · · · and the spectral sequecne associated to the stupid filtration associated to this complex
Since E pq 1 = 0 if q = 0, 1, the spectral sequence degenerated at E 3 -term. Therefore we have E
and the complex (5.10)
have the same cohomology up to degree shift. The complex (5.11) is isomorphic to the complex
and is exact up to degree min{d−1, n}, since it is equal to the Koszur complex for a regular sequence X 0 , . . . , X n+1 up to this degree. Therefore the complex (5.10) is exact at degree 1. The second and the third statement can be proved in the same way.
Corollary 5.12. If n ≥ 7, then the morphism
is injective. As a consequence, we have
is injective. In the following commutative diagram, the injectivity of α follows from the freeness of
. Thus we have Proposition 5.10.
Env 5.5. Formal extension theorem. We are ready to state the extension theorem. In this section, we consider both algebraic construction and its completion in Section 3.3. In other words, S, U, D, A are algebraic objects and S s , D an and A an are formal objects. We use the criterion of lifting in Proposition 4.4. In our situation, X 1 = D e × R e F er e and Z 1 is the graph of q e . We already defined the module Env. To show the liftability, it is enough to check the conditions (1) -(3). The condition (1) is proved in Proposition 5.10. Horizontality in (2) is satisfied by the construction the basic family D → S. As for the condition, note that the kernel of (4.10) is equal to (4.11). Therefore the condition (3) is nothing but Proposition 5.2.
The graph Γ e of q e forms a formal schemeΓ. Therefore we have a formal closed subschemeΓ of the formal completion of projective scheme D n × F er, which is an extension of the graph of q. It is algebraized to a closed subscheme Γ an of D n an × F er. This Γ an is a graph of a morphism q : D n an → F er ×Ŝ s .
Algebraicity of Weil Hodge cycles of cyclotomic type
Let A be an abelian variety and A n be the product of n-copies of A. The addition on abelian variety defines a morphism of abelian varieties
and
Thus we have the lemma. 
whose image is equal to det * 
induced by an algebraic correspondence betweeen A s and A s ′ such that the restriction of
Proof. We consider the algebraic basic construction in Section 3.3. We assume that the curve S pass through s. We consider the family of curve D → U over an open curve U . Consider the n product D n = D × U · · · × U D of D over U . By Theorem 5.13, there is a finite covering V → U of U such that there is an extension q V : D n V → F er of D n → F er. Here D V denotes the pull back of D by the map V → U . We assume that there exists a section σ : V → D V of D V → V . Let S and V be the smooth compactifications of the curves V and S respectively. Then we have a moephism u : V → S and the pull back u −1 (S) of S is denoted byṼ . We have V ⊂Ṽ ⊂ V . The pull back of A via the mapṼ → S is denoted by AṼ . Using the section σ, we have a map
We choose a smooth compactification A of AṼ over V . The clusure of the image of the morphism
is a codimension g cycle in A × F er and is denoted by Z. We consider the Kunneth decomposition of 2g-the higher direct image of the smooth morphism h : AṼ × F er →Ṽ .
R 2g h * Q ⊃ R n f er * Q ⊗ R 2g−n a * Q = Hom(R n a * Q, R n f er * Q)
Here f er : F er ×Ṽ →Ṽ is the second projection and a is the morphism AṼ →Ṽ . Let t be a point inṼ . The morphism A × F er → V is denoted by h. We consider the following diagram.
Cor t ∈ Hom(H n (A t , Q), H n (F er, Q)) A Hom(R n a * Q, R n f er * Q)
The algebraic correspondence Cor t induced by an algebraic cycle Z t is a fiber of the homomorphism Cor of local systems from R n a * Q to R n f er * Q. By taking the specializaition to the origianl point t = s, we have the surjectivity of the horizontal class Cor. Therefore we have the first statement. The second statement is the transpose of the first statement. The third statement is a consequence of the first and the second statement and Lemma 6.3.
K be a CM field and A be a K-polarized abelian variety such that H 1 (A, Q) is an 2n-dimensional K-vector space. Set H 0 (A, Ω 1 )(σ) = {k * ω = σ(k)ω}.
The abelian variety A is called totally (n, n)-type if dim C H 0 (A, Ω 1 )(σ) = n for all σ ∈ Σ. The following proposition is due to Weil. A, Q) ) is not contained in the sub-algebra of cohomology generated by divisors. Thus, algebraicity is not know in general.
The main theorem in this paper is the following theorem. Let K be a CM field and K 0 be a sub CM field of K. Let e = [K : K 0 ] and b 1 , . . . , b e be a base of K over K 0 . Let A be a K 0 -polarized abelian variety of (n, n) type. We define A ⊗ K 0 K as an isogeny class of abelian variety A ×e = A × · · · × A. An element of A is witten as x 1 b 1 + · · · + x e b e with x i ∈ A. The action of an element k ∈ K on K is K 0 -linear and described by the matrix (ρ ij (k)) ∈ M (e, K 0 ), where k · b i = j ρ ij (k)b j . We define the action ρ of K on A ⊗ K 0 K as
It is defined up to isogeny. We have the following identification: 
